Abstract. This paper is devoted to the existence of contact forms of prescribed Webster scalar curvature on a 3−dimensional CR compact manifold locally conformally CR equivalent to the unit sphere S 3 of 
Introduction
Let (M, θ) be a strictly pseudoconvex CR compact manifold of dimension 2n + 1 locally CR equivalent to the unit sphere S 2n+1 of C n+1 with a contact form θ, and let K : M → R be a C 3 positive function. The prescribed Webster scalar curvature on M is to find suitable conditions on K such that K is the Webster scalar curvature for some contact formθ on M, CR equivalent to θ. If we setθ = u 2 n θ, where u is a smooth positive function on M, then the above problem is equivalent to solving the following equation
where L θ u = ∆ θ u + n 2(n + 1) R θ u ∆ θ is the sublaplacian operator on (M, θ) and R θ is the Webster scalar curvature of (M, θ). Problem (P ) is the analogue of the prescribed scalar curvature problem on Riemannian manifolds. While the scalar curvature problem in the Riemannian framework was extensively studied (see for example the monograph [2] and the references therein), only few results were established for problem (P ) (see [13] , [16] , and [23] ). On the contrary, the Yamabe problem on CR manifolds, that is when K is assumed to be constant, was widely studied by various authors (see [19] , [20] , [21] , [15] and [17] ). The problem (P ) has a variational structure, however the associated Euler functional does not satisfy the Palais-Smale condition, that is, there exist noncompact sequences along which the functional is bounded and its gradient goes to zero. Moreover, there are topological obstructions of Kazdan-Warner condition type to solve (P ), see [18] . Hence one does not expect to solve problem (P ) for all functions K, and so it is natural to ask: under which conditions on K does (P ) have a solution?
In [23] , Malchiodi and Uguzzoni considered the case where M = S 2n+1 the unit sphere of C n+1 and gave a perturbative result for problem (P ), that is when K is assumed to be a small perturbation of a constant (see also [13] ). Their approach uses a perturbation method due to Ambrosetti and Badiale [1] . In [16] , N. Gamara noticed , in analogy with the 4-dimensional Riemannian case, that there is a balance phenomenon between the self interactions and the mutual interactions of the functions failing to satisfy Palais-Smale condition in the 3-dimensional CR case ( see [9] and [11] for the Riemannian case). In [16] the case where M is locally conformally CR equivalent to the CR Sphere of C 2 was considered (thus when n = 1), and a Euler-Hopf type criterion for K was provided to find solutions for (P ) . The method used in [16] is due to Bahri and Coron [9] . It consists of studying the critical points at infinity of the associated variational problem, computing their total Morse index, and comparing this total index to the Euler-Poincaré characteristic of the space of variations. In this paper we revisit the three dimensional case, namely the following equation
Our goal here is to give new existence results which generalize the one obtained by N. Gamara [16] and also to give, in generic cases, a lower bound of the number of contact forms of prescribed Webster-Tanaka scalar curvature K.
To state our results, we set the following notations. Let G(a, .) be the Green's function of L θ on M and A a the value of the regular part of G at a. Let K the set of critical points of K. We say that K satisfies the condition (C 0 ) if it has only nondegenerate critical points such that
Now, we introduce the following set
For p ∈ N * and for any p-tuple τ p = (y 1 , ..., y p ) ∈ (K + ) p such that y i = y j if i = j, we define a matrix M(τ p ) = (M ij ) 1≤i,j≤p , by
We denote by ρ(τ p ) the least eigenvalue of M(τ p ) and we say that a function K satisfies the condition (C 1 ) if for every τ p ∈ (K + ) p , we have that ρ(τ p ) = 0. We set
and define an index ι :
where m(K, y i ) denotes the Morse index of K at its critical point y i . Now we state our main result. τp∈F∞;ι(τp)≤k−1
Then, there exists a solution w to the problem (P K ) such that:
where morse(w) is the Morse index of w, defined as the dimension of the space of negativity of the linearized operator:
Moreover, for generic K it holds
where N k denotes the set of solutions of (P K ) having their Morse indices less than or equal to k.
Please observe that, taking in the above k to be l # + 1, where l # is the maximal index over all elements of F ∞ , the second assumption is trivially satisfied. Therefore in this case, we have the following corollary, which recovers previous existence results for three dimensional CR manifolds locally CR equivalent to the sphere S 3 of C 2 due to N. Gamara [16] .
Then the problem (P K ) has at least one solution. Moreover, for generic K it holds
where S denotes the set of solutions of (P K ).
We point out that the main new contribution of Theorem 1.1 is that we address here the case where the total sum in the above corollary equals 1, but a partial one is not equal 1. The main issue being the possibility to use such an information to prove existence of solution to the problem (P K ). Please notice that an interpretation of the fact that the above sum is different from one, is that the topological contribution of the critical points at infinity to the topology of the level sets of the associated Euler-Lagrange functional is not trivial. In view of such an interpretation, we rise the following question: what happens if the total contribution is trivial, but some critical points at infinity induce a nontrivial difference of topology. Can we still use such a topological information to prove existence of solution ? With respect to the above question, theorem 1.1 gives a sufficient condition to be able to derive from such a local information, an existence as well as a multiplicity result together with information on the Morse index of the obtained solution. In Section 5, we give a more general condition. Since this condition involves the critical points at infinity of the variational problem, we have postponed its statement to the end of this paper, see please Theorem (5.1). As pointed out above, our result does not only give existence results, but also, under generic conditions, gives a lower bound on the number of solutions of (P K ). Such a result is reminiscent to the celebrated Morse Theorem, which states that, the number of critical points of a Morse function defined on a compact manifold, is lower bounded in terms of the topology of the underlying manifold. Our result can be seen as some sort of Morse Inequality at Infinity. Indeed it gives a lower bound on the number of metrics with prescribed curvature in terms of the topology at infinity. The remainder of this paper is organized as follows. In section 2 we set up the variational problem, its critical points at infinity are characterized in Section 3. Section 4 is devoted to the proof of the main result theorem 1.1 while we give in Section 5 a more general statement than theorem 1.1.
Variational setting and lack of compactness
In this section we recall the functional setting and the variational problem associated to (P K ). Problem (P K ) has a variational structure, the functional being
, defined on the unit sphere of S 2 1 (M) equipped with the norm
where S 2 1 (M) is the Folland-Stein space (see [14] for definition). Problem (P K ) is equivalent to finding the critical points of J subjected to the constraint u ∈ Σ + , where
The Palais-Smale condition fails to be satisfied for J on Σ + . To characterize the sequences failing the Palais-Smale condition, we need to set some notations and constructions. Since M is compact and locally CR equivalent to S 3 , any point a in M has a neighborhood U a ⊃ B r (a), r is independent of a, where CR normal coordinates are defined, and such that the contact form of M is conformal to the standard contact form θ 0 of the Heisenberg group H 1 ; that is there exists a positive functionũ a on B r (a) such that θ 0 =ũ
is the norm of the Heisenberg group H 1 ( see please [19] , [20] ).
Let λ be a large positive parameter. We introduce on B r (a) the function
and the constant c 1 is chosen such that the following equation is satisfied
We define a family of "almost solutions"δ (a,λ) to be the unique solution of
we have that:
Moreover for ̺ small and λ large there holds:
where G(a, x) is the Green's function of the conformal subLaplacian L θ and A a the value of its regular part evaluated at a.
We define now the set of potential critical points at infinity associated to the functional J.
For ε > 0 and p ∈ N * , let us define otherwise. For w a solution of (P K ) we also define V (p, ε, w) as
The failure of Palais-Smale condition can be described, following the ideas introduced in [12] [22] [25] , as follows:
tends to zero and J(u j ) is bounded. Then, there exist an integer p ∈ N * , a sequence ε j > 0, ε j tends to zero, and an extracted subsequence of u j 's, again denoted u j , such that u j ∈ V (p, ε j , w) where w is zero or a solution of (P K
(2.8)
We then have the following proposition which defines a parameterization of the set V (p, ε). It follows from corresponding statements in [6] , [8] .
Proposition 2.3 For any p ∈ N * , there is ε p > 0 such that if ε < ε p and u ∈ V (p, ε), the minimization problem (2.8) has a unique solution (up to permutation). In particular, we can write u ∈ V (p, ε) as follows
where (ᾱ 1 , ...,ᾱ p ,ā 1 , ...,ā p ,λ 1 , ...,λ p ) is the solution of (2.8) and v ∈ S 2 1 (M) such that
Here, < , > θ denotes the L θ -scalar product defined on S 2 1 (M) by
Let ∇ θ be the CR gradient (or subelliptic gradient) which can be characterized by
In the following we will say that v ∈ (V 0 ) if v satisfies (V 0 ). 
Moreover, there exists c > 0 such that the following holds
Let w be a solution of (P K ). The following proposition defines a parameterization of the set V (p, ε, w). Its proof follows from the same arguments used to prove similar statements in [6] .
Proposition 2.5
There is ε 0 > 0 such that if ε ≤ ε 0 and u ∈ V (p, ε, w), then the problem
has a unique solution (α, λ, a, h). Thus, we write u as follows:
where v belongs to H 1 (M) ∩ T w (W s (w)) and it satisfies (V 0 ), T w (W u (w)) and T w (W s (w)) are the tangent spaces at w to the unstable and stable manifolds of w.
Critical points at infinity of the variational problem
In the sequel, ∂J designates the gradient of J with respect to the L θ -scalar product
Following A. Bahri we set the following definitions and notations 
Here w is either zero or a solution of (P K ) and ε(s) is some function tending to zero when s → ∞. Using Proposition 2.5, u(s) can be written as:
Denoting a i := lim s→∞ a i (s) and α i = lim s→∞ α i (s), we denote by
such a critical point at infinity. If w = 0 it is called of w-type.
Ruling out the existence of critical points at infinity in
V (p, ε, w) for w = 0
The aim of this subsection is to prove that, given a C 2 positive function K satisfying the conditions of theorem 1.1 and a solution w of (P K ), then for each p ∈ N, there are no critical point or critical point at infinity of J in the set V (p, ε, w). The reason is that there exists a pseudogradient of J such that the Palais-Smale condition is satisfied along its decreasing flow lines. In this section, for u ∈ V (p, ε, w), using Proposition 2.5, we will write u = , w) , we have the following expansion
Proposition 3.2 For ε > 0 small enough and u
and where c ij are > 0 bounded constants.
Proof. To prove the proposition, we need to estimate
Now expanding N(u), we get
Now it follows from [16] and elementary computations that
Now concerning the denominator, we compute it as follows
Observe that
where we have used that v ∈ T w (W s (w)) and h belongs to T w (W u (w)) which is a finite dimensional space. Hence it implies that h ∞ ≤ c h . Concerning the linear form in v, since v ∈ T w (W s (w)), it can be written as
Finally, we have
Combining (3.4) to (3.13), and the fact that
Now, we state the following lemma whose proof follows the arguments used to prove similar statements in [5] , see the Appendix of [16] were the necessary modifications are given.
There is an optimal (v, h) and a change of variables v − v → V and h − h → H such that
Furthermore we have the following estimates
Proof. Now observe that the above expansion of J with respect to h (respectively to v) is almost equal to Q 2 (h, h) + f 2 (h) (respectively Q 1 (v, v) + f 1 (v)). As Q 2 is negative definite (respectively Q 1 is positive definite), there is a unique maximum h in the space of h's (respectively a unique minimum v in the space of v). Moreover , it is not difficult to prove that ||h|| ≤ c||f 2 || and v ≤ c f 1 . Therefore the estimate of v follows from Proposition 2.4 while for the estimate of h, we use the fact that for each h ∈ T w (W u (w)) which is a finite dimensional space, we have h ∞ ≤ c h . Hence it follows that f 2 = O( λ −1 i ) and our result follows.
2 Now we state the following corollary, which follows immediately from the above corollary and the fact that w > 0 in M. Now, once the existence of mixed critical points at infinity is ruled out, it follows from [16] , that the critical points at infinity are in one to one correspondence with the elements of the set F ∞ defined in (1.3). That is, a critical point at infinity corresponds to τ p := (y 1 , · · · , y p ) ∈ (K + ) p such that the related Matrix M(τ p ) defined in (1.2) is positive definite. Such a critical point at infinity will be denoted by τ
Like a usual critical point, it is associated to a critical point at infinity x ∞ of the problem (P K ), (which is a combination of classical critical points of K with a 1−dimensional asymptote), stable and unstable manifolds, W ∞ s (x ∞ ) and W ∞ u (x ∞ ). These manifolds can be easily described once a Morse type reduction is performed, see [16] . The stable manifold is, as usual, defined to be the set of points attracted by the asymptote, under the action of the flow (see below). The unstable one is a shadow object, which is the limit of W u (x λ ), x λ being the critical point of the reduced problem and W u (x λ ) its associated unstable manifolds. Indeed the flow in this case splits the variable λ from the other variables near x ∞ . Notice that the flow of which it is question above is the flow of a pseudogradient at infinity of Morse-Smale type for −J. Such a pseudogradient at infinity, whose existence is ensured by the Proposition 4.3 in [16] , is known to have a very nice behavior around the critical points at infinity. We then may define the Morse index morse(x ∞ ) of the critical point at infinity x ∞ to be equal to the dimension of W ∞ u (x ∞ ). Observe that we have: morse(τ
In the following definition, we extend the notion of domination of critical points to critical points at infinity. Now taking l = k − 1 and using the fact that, by assumption of theorem 1.1, there are no critical point at infinity with index k, we derive that C(X
Now, observe that it follows from the above deformation retract, that the problem (P K ) has necessary a solution w with morse(w) ≤ k. Otherwise it follows from (4.4) that
where χ denotes the Euler Characteristic. Such an equality contradicts the second assumption of the theorem. Now for generic K, it follows from the Sard-Smale Theorem that all solutions of (P K ) are nondegenerate solutions, in the sense that their associated linearized operator does not admit zero as an eigenvalue. See please [24] for a related discussion in the Riemannian setting.
We derive now from (4.4), taking the Euler Characteristic of both sides, that:
It follows then that where N k denotes the set of solutions of (P K ) having their morse indices ≤ k. 2
A general existence result
In this last section of this paper, we give a generalization of theorem 1.1. Namely instead of assuming that there are no critical points at infinity of index k, we assume that the intersection number modulo 2, between the suspension of the complex at infinity of order k, C(X ∞ k−1 ) and the stable manifold of all critical points at infinity of index k is equal to zero. More precisely, for τ p ∈ F ∞ such that ι(τ p ) = k, we define the following intersection number:
Observe that this intersection number is well defined since we may assume by transversality that: ∂C(X 
2.
∀τ p ∈ F ∞ , such that ι(τ p ) = k, there holds µ k (τ p ) = 0.
Then, there exists a solution w of the problem (P K ) such that:
Proof. The proof goes along with the proof of theorem 1.1, therefore we will only sketch the differences. Keeping the notations of the proof of theorem 1.1, we observe that, since ∀τ p ∈ F ∞ , such that ι(τ p ) = k, there holds µ k (τ p ) = 0, we may assume that the deformation of C(X Now the remainder of the proof is identical to the proof of theorem 1.1. 2
